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$G$ $\Sigma$ $G$ ( ) 1
growth series $P_{G,\Sigma}(z)= \sum_{n=0}^{\infty}\gamma_{n}z^{n}$
$\gamma_{n}=\neq$ {$g\in G|$ $\sigma_{1}\in\Sigma,$ $\cdots,$ $\sigma_{k}\in\Sigma$ such that $k\leq n$ and $g=\pi(\sigma_{1}\cdots\sigma_{k})$ }.
$\Sigma^{*}$ $\Sigma$
$\pi$ : $\Sigma^{*}arrow G$
growth series [Can, CaW, FP]
$I_{2}(p)$ Artin
growth series [MM, Theorem3.1]
Artin ( 3 ) growth
series limit element
[Sal, Chapter 10,Chapter $11|$ Epstein [Eps]
$G$ $\Sigma$- (geodesic finite automaton)
growth series $P_{G,\Sigma}(z)=\sum_{n=0}^{\infty}\gamma_{n}z^{n}$ $z$
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1 $G$ $\Sigma=\Sigma^{-1}$
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21. 5 $M=$ $(Q, \Sigma, \delta, so, Y)$ 2. $Q$. $\Sigma$. $\delta$ : $Q\cross\Sigmaarrow Q$
$\bullet so\in Q$ $Q$
$\bullet$ $Y\subseteq Q$ $Q$
Remark 2.2. $\delta$ : $Q\cross\Sigmaarrow Q$ $\hat{\delta}$ : $Qx\Sigma^{*}arrow Q$
$\forall q\in Q,\hat{\delta}(q,\epsilon)=q$ , $\forall q\in Q,\forall\sigma\in\Sigma,\forall w\in\Sigma^{*},\hat{\delta}(q, \sigma w)=\hat{\delta}(\delta(q,\sigma), u|)$ .
$\epsilon\in\Sigma^{*}$ $\Sigma^{*}$ ( ) $3_{\text{ }}$
23. $M$ $L(M)(\subseteq\Sigma^{*})$
$L(M)=\{w\in\Sigma^{*}|\hat{\delta}(s_{0}, w)\in Y\}$
$L\subseteq\Sigma^{*}$ $\Sigma$- $\Lambda I$
$L=L(M)$
24. $\Sigma=\{0,1\},$ $Q=\{A, B, C\},$ $so=A,$ $Y=\{A\}$ $\delta$ : $Q\cross\Sigmaarrow Q$
$\delta(A, 0)=A$ , $\delta(A, 1)=B$ , $\delta(B, 0)=C$ , $\delta(B, 1)=A$ , $\delta(C,$ $0)=B$ , $\delta(C, 1)=C$
5 $M=(Q, \Sigma, \delta, s_{0}, Y)$
$L(M)=\{x\in\{0,1\}^{*}|x$ $x$ 2 3 }
$\Sigma^{*}$ $w=10001010101\cdots\cdots$
$w=w_{1}w_{2}$ $w$ $\hat{\delta}(s_{0}, w_{1}w_{2})=\hat{\delta}(\hat{\delta}(s_{0}, \cdot\omega_{1}), w_{2})$






4 $\Sigma=\{0,1\}$ $L=\{0^{n}1^{n}|n\geq 0\}(\subseteq\Sigma)$
$L=L(M)$ $M$ $n$ $0^{n}$
$0$ $n$ (





Lecture8] ( ) . [Koz, Homework
5$]$ ( $\epsilon$-
) [Koz, Lecture3]
26. $G$ $\Sigma$ $\pi$ : $\Sigma^{*}arrow G$
1. $L\subseteq\Sigma^{*}$ cross-section $\pi|_{L}$ $L$ $G$
2. $M$ word acceptor $L(M)$ cross-section
3. cross-section $L$ geodesic $w\in L$ $w$ $\pi^{-1}(\pi(w))(\subseteq$
$\Sigma^{*})$
4. word acceptor $M$ geodesic cross-section $L(M)$ geodesic
geodesic word acceptor
Remark 2.7. $G$ $\Sigma$ $M=$ $(Q, \Sigma, \delta, s_{0}, Y)$
spherical growth series $\dot{P}_{G_{i}\Sigma}(z)=(1-z)P_{G,\Sigma}(z)$
$\dot{P}_{G,\Sigma}(z)=t_{v(E-zT)^{-1}u}$ (2.1)
[FFST, \S 6]
$T=(t_{ij}=\#\{a\in\Sigma|\delta(i, a)=j\})_{i,j\in Q}(\in$ Mat$|Q|(\mathbb{Z}))$ , $v=(\chi_{\{s_{0}\}}(i))_{i\in Q}$ , $w=(\chi_{Y}(i))_{i\in Q}$
$\chi_{A}$ $A$ ( superset )
Remark 2.8. $L\subseteq\Sigma^{*}$ $M=(Q, \Sigma, \delta, s_{0}, Y)$
$L=L(M)$ $M$ $|Q|$
[Koz, Lecture15] $L$ ”the automaton of $L$”
M( )
$M’$ [Koz, Lecture 6, Lecture14]
3 Artin
Artin Artin ( Artin-Tits )
3.1. 1. $M=(m_{ij})_{i,j\in I}$ Coxeter 6 [Bou, Chapter 3] $A=\{a_{i}|i\in I\}$
$M$ Artin $G_{AI}^{+}$ $A$
$\sim\sim a_{i}a_{j}a_{i}a_{j}\cdots=a_{j}a_{i}a_{j}a_{i}\cdots$
$m_{ij}$ $m_{ji}$
( $i,j$ $I$ )
5 $\alpha$ $\alpha$ $L(\alpha)\subseteq\Sigma^{*}$
6 $mii=1$ $i\neq j$ $|$ $mij=mji\in \mathbb{Z}\geq 2$
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2. $M$ Artin $G_{M}$ ( )
3. $\Lambda/I$ Coxeter $\overline{G}_{M}$ $G_{M}$ $\forall i\in I,$ $a_{i}^{2}=1$
4. $A$ $G_{AI}^{+}$ $\pi$ : $A^{*}arrow G_{hI}^{+}$
5. Artin ( Artin ) Coxeter
7
6. $g\in G$ square free element $u,$ $v\in A^{*}$ $i\in I$
$g\neq\pi(ua_{i}a_{i}v)$ square free element QFG$+\Lambda I$
Remark 3.2. $G_{AI}^{+}arrow\overline{G}_{M}$ $QFG_{AI}^{+}$
$[BS]_{\text{ }}$ .Charney Artin $G_{M}$ QFG$+M^{\cup(QFG_{AI}^{+})^{-1}\backslash }$
$\{1_{G_{Al}}\}$ [Cha]
$G_{M}^{+}arrow G_{M}$ $[BS]$ QFG $+\Lambda I$ $G_{\Lambda 1}$
Charney modify
3.3 (FFST,\S 5). Artin $G_{AI}^{+}$ $A$
3.4. $g\in(\overline{G}_{l\vee I}\backslash \{1_{\overline{G}_{Al}}\})\cong(QFG_{AI}^{+}\backslash \{1_{G_{\Lambda I}}\})$
$\pi^{-1}(g)$ ( $\pi 0\iota=$ id section $\iota$ : $(QFG_{\Lambda I}^{+}\backslash \{1c_{\Lambda 1}\})\cong$
$(\overline{G}_{AI}\backslash \{1_{\overline{G}_{A}}, \})arrow A^{*})$ $M=A_{2}$ $\iota$










4 $G_{\Lambda^{\ovalbox{\tt\small REJECT}}I}^{+}$ 1
spherical growth series (2.1)




Artin spherical growth series
4.1 (Del,Sal). $M$ Coxeter
$\dot{P}_{G_{A1}^{+},A}(z)=1/\backslash \sum_{J\subseteq I}(-1)^{\# J_{Z}|\Delta_{J}|}$
.
$\Delta_{J}\in G_{hI}^{+}$ fundamental element 9 $|\Delta_{J}|$
$1$
Coxeter $M$ $A\backslash$ $\dot{P}_{G_{M}^{+},A}(z)$ [AN, Sa2]
[AN, Corollary 3, Proposition 8] growth series
3 $G$ :
$\bullet$ G $|$ left-cancellative $ax=ay$ $x=y$. $G$ atomll $S$
$\bullet$ $S$
Dehornoy Paris Garside [DP]
Bessis [Bes] dual Artin A
$B$ dual Artin ( ) spherical growth
series non-crossing partition
9 $\{a1\}_{j\in J}$ [BS, \S 5]
$1$ 2 :(A) $\overline{G}_{AI|_{J}}$ (B) $\overline{G}_{AI}$
$11_{X\neq 1}$ $x=ab$ $a=1$ $b=1$ $x$
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monoid algebra Koszul dual algebra
[AN]
limit element $\dot{P}_{G_{\Lambda 1}^{+},A}(z)=1/N_{\Lambda I}(z)$
1
[Sal] :
$\bullet$ $N_{AI}(1)=0$ $N_{AI}\ovalbox{\tt\small REJECT}(z)/(1-z)$. $N_{M}(z)$ $(0,1]$ $M$
$\bullet$
$r_{M}$ $r_{M}$ $N_{AI}(z)$ $x$
$|x|>r_{M}$
affine Artin [Sa2] limit
element
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